We show that if A is a semisimple Hopf algebra of dimension pq 2 over an algebraically closed field k of characteristic zero, then under certain restrictions either A or A * must have a non-trivial central group-like element. We then classify all semisimple Hopf algebras of dimension pq 2 over k which are not simple as Hopf algebras. We also determine all isomorphism classes of Hopf algebras of dimension pqr obtained as abelian extensions.
over k appear in [G] , for the case p = 1 mod q , and in [Ma2] for the case p = 2 (although the construction goes mutatis mutandis in the case q = 1 mod p ): these are all central extensions.
We consider here the question of whether, for a semisimple Hopf algebra A of dimension pq 2 , it is always true that either A or A * has a non-trivial central group-like element. We show that under certain restrictions, the answer to this question is affirmative. See (3.10.1) and (3.11.1). These results are also valid for semisimple and cosemisimple Hopf algebras of dimension pq 2 over algebraically closed fields of positive characteristic (necessarily distinct from p and q) by virtue of the lifting theorem [EG3] (compare with [EG3, Theorem 3.10] ).
We also classify all semisimple Hopf algebras of dimension pq 2 , p = q, over an algebraically closed field k of characteristic zero, which are not simple as Hopf algebras. We show in particular that the problem reduces to that of classifying abelian extensions. By a result of G. I. Kac, these extensions are classified by a cohomology group Opext; see for instance [Ma3] . We prove that if A is a non-trivial semisimple Hopf algebra of dimension pq 2 over k, such that A is not simple as a Hopf algebra, then necessarily p = 1 mod q or q = 1 mod p . In the first case, there are q isomorphism classes: these are the (self-dual) examples in [G] . In the second case, when p = 2 there are two isomorphim classes: these correspond to the examples in [Ma2] ; and when p is odd, there are p + 1 isomorphism classes: two of these correspond to the Hopf algebras 0 and * 0 , where * 0 is (the generalization of) the example in [Ma2] , and the remaining p − 1 examples consist of the Hopf algebras λ j , 1 ≤ j ≤ p−1 2
, and their duals, where 0 < λ j < p − 1 are units modulo p, such that λ i λ j = 1 mod p , if i = j. See (1.3.11), (1.4.9) for the definition of λ . We remark that the Hopf algebras λ j have no non-trivial central group-like element. See Theorem (3.12.4). Combining (3.10.1), (3.11.1), and (3.12.4), we conclude the classification of a wide class of semisimple Hopf algebras of dimension pq 2 ; in particular, we prove: (2) p 2 < q.
(3) p = 3 q > 2.
If A is non-trivial, then q = 1 mod p and A falls into either of the p + 1 isomorphism classes represented by 0 , λ j , 1 ≤ j ≤ This extends previous classification results for dimensions 12 [F] and 18 [Ma2] . In [Mo] the author raised the problem of classifying semisimple Hopf algebras of dimension less than 60. Our contribution to this problem is the 50-dimensional case. Another low-dimensional case covered by our results is dimension 75.
The article is organized as follows: in Section 1 we recall some basic properties of Hopf algebra extensions and in particular of abelian extensions; in (1.3) and (1.4) we classify, up to isomorphisms, Hopf algebras A of dimension pqr, r < p, which fit into an extension 1 → k → A → kF → 0, where is a group of order pr and F is the cyclic group of order q, and Hopf algebras A of dimension pq 2 , p = q, fitting into an extension 1 → k → A → kF → 0, where /q ⊕ /q and F is the cyclic group of order p. In Section 2 we collect basic tools on semisimple Hopf algebras. This section contains some new results that exceed the dimension pq 2 case, and could be of use in other situations (see for instance (2.1.1), (2.2.3), (2.3.2)). Subsection 2.3 contains also a shorter proof of the triviality of semisimple Hopf algebras of dimension pq. Then, in Section 3, we combine the work in the previous sections to prove our main results in the dimension pq 2 case. Suppose r < q < p. Under the assumption that p = 1 mod rq , a nontrivial, not self-dual, Hopf algebra of dimension pqr is constructed in [AN, (2.3 .1)] via a double process of extension. We denote this Hopf algebra by p r q . In Section 4, we apply the results in Section 1, to show that nontrivial Hopf algebras of dimension pqr obtained as abelian extensions are necessarily isomorphic to exactly one of p r q or p q r p r q * , if p = 1 mod rq , and there are no non-trivial examples if p = 1 mod rq .
Conventions
Throughout, k will denote an algebraically closed field of characteristic zero. For a Hopf algebra H, we use the notation G H * = Alg k H k . That is, G H * is the group of group-like elements in the restricted dual of A. For a finite dimensional Hopf algebra H, D H will denote the Drinfeld double of H, and R H ⊆ H * will denote the character algebra of H. We refer the reader to [A, AD, Ma3] for the theory of Hopf algebra extensions, and to [CE, BR] for the basic facts on low dimensional group cohomology used throughout.
EXTENSIONS
In this section we aim to classify Hopf algebras fitting into certain abelian extensions. See (1.3) and (1.4). For this, we first list some basic results on Hopf algebra extensions.
Cleft Extensions of Hopf Algebras
Let K, H be Hopf algebras. Let also
be a set of compatible data, i.e., such that conditions (i)-(v) in [AD, Theorem 2.20] , are satisfied. We will say that (respectively, ρ) is a weak action (respectively, a weak coaction), and σ (respectively, τ) is a cocycle (respectively, a dual cocycle).
Assume also that σ and τ are convolution invertible. Then there is an associated Hopf algebra A = K ρ τ # σ H, whose underlying vector space is K ⊗ H, and whose multiplication, comultiplication, and antipode are given, respectively, by (2.5), (2.15), and (2.25) in [AD] . The Hopf algebra
In this case, the maps ι and π are the natural ones: ι a = a#1, π a#b = a b, ∀a ∈ K, b ∈ H. This extension is moreover cleft [A, Definition 3.1.3] .
On the other hand, if A is a Hopf algebra that admits an extension as in (1.1.1), and if this extension is cleft, then there exists a compatible datum ρ σ τ as above, such that A K ρ τ # σ H. Let Reg H K denote the group of all convolution invertible linear maps f H → K. If H ⊗ K → K is a weak action, and σ H ⊗ H → K is an invertible linear map, then f H ⊗ K → K is a weak action, and f σ H ⊗ H → K is an invertible linear map, where
, a weak coaction and an invertible linear map, where
See [AD, 3.1] . Suppose ρ σ τ is a compatible datum for the pair K H , and let f ∈ Reg 1 H K = f ∈ Reg H K f 1 = 1 f = . It follows from [AD, Lemma 3.1.6] that there is an isomorphism of Hopf algebras 
Proof. It is clear that i and p are group homomorphisms and i is injective. Also, the relation pi = 1 follows from πι = K 1 H . On the other hand, if χ ∈ G A * = Alg k A k is such that p χ = t ι χ = χ K = K , then χ AK + = 0, and since H = A/AK + , we find that χ factorizes through H; this means that there exists χ ∈ Alg k H k = G H * such that χ = χ • π = t π χ = i χ . So the first claim follows. Assume now that the extension (1.1.1) is cleft. Let γ H → A be an invertible section, so that h a = γ h 1 aγ
for all h ∈ H, a ∈ K. This implies the second claim and the lemma.
The following lemma will be often used in Section 3. Proof. It is not difficult to show that ( , σ , ρ triv , τ triv ) is a compatible datum. As to the last claim, it is straightforward to verify that the map K# σ H → K# σ H, given by t#h = f t #F −1 h , is a Hopf algebra isomorphism.
Application to Abelian Extensions
Suppose now K is commutative, H is cocommutative, and both K and H are finite dimensional. In this case K k and H kF, for some finite groups and F. Extensions of the kind
are called abelian. They are classified by a cohomology group, Opext k kF ; cf. [Ma3] . In particular, by [BM] , A is necessarily semisimple. In the situation of (1.2.1), the afforded weak action kF ⊗ k → k and the afforded weak coaction ρ kF → kF ⊗ k correspond, respectively, to actions by permutations
The correspondence is given as follows: if δ s ∈ k is defined by δ s s = δ s s , s s ∈ , and similarly for δ x , x ∈ F, then
for all s ∈ , x ∈ F. The compatibility conditions between and ρ say that the cartesian product F × becomes a group, denoted by F , with the product x s y t = x s y s y t (1.2.4) for s t ∈ , x y ∈ F. In particular F F × 1 and 1 × become subgroups of F , and we have F (respectively, ) normal in F iff is trivial (respectively, is trivial); in this case × F → F (respectively, × F → ) is an action by group automorphisms, and the group F coincides with the semidirect product group associated to (respectively, to ).
Under the above correspondence, the invertible cocycle σ kF ⊗ kF → k corresponds to a normalized 2-cocycle σ F × F → k × , with respect to the action by group automorphisms of F on the multiplicative group k × . Similarly, the invertible dual cocycle τ kF → k ⊗ k corresponds to a normalized 2-cocycle τ × → k F × . The following basic cohomology lemma will be of use. 
and N M → M is the norm map N u = g∈P g u. The proof of the lemma will be complete if we show that M P is a divisible abelian group. But an element u = x∈F u x δ x belongs to M P iff u is a sum u = u δ , where runs over the orbits of the P-action on M, u ∈ k × , and δ is defined by δ x = 1 if x ∈ , and δ x = 0, otherwise. This implies M P is divisible since k is algebraically closed.
The next proposition is a consequence of the above. 
Proof. Since is trivial, so is the afforded weak coaction ρ kF → kF ⊗ k . Let τ × → k F × be the 2-cocycle corresponding to the afforded dual cocycle. By the assumption on and using (1.2.5), we find that 0 =
We claim that we may also assume that f = , i.e., that f ∈ Reg 1 k k F . To see this, we must show that we can choose f such that f s 1 = 1, ∀s ∈ . In fact, δf = τ = δ λf , where λ → k F × , is the map defined by
The identity τ = δ λf follows easily using that τ = τ ⊗ . It is also clear that λf = and λf 1 = 1. Dualizing (1.1.6), we find that A k τ # σ kF k # f σ kF. Here we use the fact, which follows from (1.1.4) and (1.1.2), that since k is commutative and kF is cocommutative, then ρ f triv = ρ triv and f = . Since is trivial, then is an action by Hopf algebra automorphisms. Also, it follows from the compatibility conditions in [AD, Theorem 20] 
It remains to be seen that if σ = σ in H 2 F , then k # σ kF k # σ kF. For this, observe that by (1.1.5), for any normalized function
Thus, (1.1.6) implies the lemma.
Extensions of the Type
In this section, p, q and r will be prime numbers. We assume that r < p. Our aim here is to use the results in Section 1 in order to classify, up to isomorphisms, the Hopf algebras A which fit into an extension
where is a group of order pr, and the notation 0 (instead of 1) on the right means that the afforded weak coaction is trivial. In particular, by (1.2.6), the afforded weak action k /q ⊗ k → k is an action by Hopf algebra automorphisms, and as Hopf algebras,
(1) Observe that if the extension (1.2.1) affords the trivial coaction (respectively, the trivial action), then A * (respectively, A) is isomorphic as an algebra to a twisted group ring k F t (respectively, k t F), (cf. [Ma3, (2.4)] ). Recall, in addition, that twisted group rings over cyclic groups are commutative.
(2) If the group in (1.3.1) is abelian, then A is cocommutative. Indeed, in this case, is cyclic. As the coaction afforded by (1.3.1) is trivial, as algebras, A * k /q t , a twisted group ring over a cyclic group, and hence commutative. In particular, if A is non-trivial, then p = 1 mod r , and the group is the only non-abelian group of order pr.
(3) If the action afforded by (1.3.1) is trivial, then A k t /q as an algebra, and hence commutative.
Suppose r divides p − 1, and let = /p i /r be the unique (up to isomorphisms) non-abelian group of order pr. Then there is a group isomorphism
where the semidirect product in the right hand side corresponds to the natural action by left multiplication of
t be a presentation of by generators and relations, where t is a primitive rth root of 1 modulo p. Then the isomorphism (1.3.4) can be explicitly determined by
In particular, Aut has a unique (normal) subgroup of order p: it is generated by φ = φ 1 1 , where
On the other hand, if q is a prime divisor of p − 1, the elements of order q of /p i /p × are of the form j s , where s is an element of order q in /p × , and 0 ≤ j ≤ p − 1. In particular,
, where m is a primitive qth root of 1 modulo p. In conclusion, every element ψ of order q in Aut is of the form ψ = f ψ m d f −1 , for some f ∈ Aut , 1 ≤ d ≤ q − 1, and
Proof. If is abelian, by Remark (1.3.3)(2), A is cocommutative. Hence we may assume that p = 1 mod r and is the non-abelian group of order pr. By (1.3.4), the order of Aut is p p − 1 . Thus, if p = q and p = 1 mod q , the associated action by group automorphisms × /q → is necessarily trivial. By (1.3.3)(3), A is commutative.
Recall the isomorphism /q H 2 /q /q , given by l → σ l , 0 ≤ l ≤ q − 1, where σ l /q × /q → /q is the 2-cocycle given by
for 0 ≤ i j ≤ q − 1, where q ij is the quotient of i + j in the division by q.
Lemma 1.3.9. Suppose r and
is isomorphic as a Hopf algebra to the smash product
Hopf algebra p r q = k #k /q associated to the action by group automorphisms × /q → , given by
where g is a generator of /q, and m is a fixed primitive qth root of 1 modulo p.
(ii) If q = r, A isomorphic to either of the twisted smash product Hopf algebras
corresponding to the action by group automorphisms in (1.3.10) , and where
is the 2-cocycle given by (1.3.8) . Moreover, the Hopf algebras l , 0 ≤ l ≤ q − 1, are pairwise non-isomorphic and self-dual.
The Hopf algebra in (i) was presented in [AN, (2.3.1) ]. It is shown there that it is not self-dual. Those in (ii) are the examples in [G] ; see [AN, (2.4) ] for an alternative construction.
Proof. Let A be as in (1.3.1). If A is non-trivial, by (1.2.6), A is isomorphic as a Hopf algebra to a twisted smash product Hopf algebra as in (1.3.2). Denote by × /q → the action afforded by (1.3.1). In view of (1.3.6), if g is a generator of /q, and s ∈ , we have
Thus, applying (1.1.9), we find that the action afforded by (1.3.1) is up to isomorphisms, the action in (1.3.10). By the remark before the proof of the lemma, this implies (i) in view of [AN, (2.3.2) ]. Also, (ii) follows from [AN, (2.4 .1)]. Lemma 1.3.11. Suppose p = q, and r divides q − 1. Let = /q i /r. Assume the Hopf algebra A in (1.3.1) is non-trivial. Then A is isomorphic as a Hopf algebra to the smash product Hopf algebra * 0 = k #k /q associated to the action by group automorphisms × /q → , given by
where g is a generator of /q.
The Hopf algebra * 0 appears in previous work of Masuoka [Ma2] , in the case r = 2 and q not necessarily prime. It is not self dual: indeed,
/ rq is of order rq. An alternative construction of * 0 was found by Sommerhäuser [S2] . Proof. Let A be as in (1.3.1). If A is non-trivial, again by (1.2.6), A is isomorphic as a Hopf algebra to a twisted smash product Hopf algebra as in (1.3.2). If × /q → is the action afforded by (1.3.1), by (1.3.5), we have
where g is a generator of /q, and s ∈ . Applying (1.1.9), we find that the action afforded by (1.3.1) is up to isomorphisms, the action in (1.3.12). Also, since is of order r = q, we have H 2 F = 0.
Extensions of the Type
In this section, p and q will be distinct prime numbers. We determine the isomorphism classes of Hopf algebras A fitting into an extension
where /q ⊕ /q and F is the cyclic group of order p. We remark that in this situation, if the group Opext k kF is trivial, then the Hopf algebra A is trivial, since both k and kF are commutative and cocommutative, and the afforded coaction is trivial. To avoid intersections with (1.3), we will assume that A contains no non-trivial central group-like element. In particular, by [Ma2, Theorem 1.9] , necessarily p > 2. See (1.4.12).
There is an isomorphism of Hopf algebras A k τ # σ kF, where τ × → k F × is a factor set, kF ⊗ k → k is an action by Hopf algebra automorphism, and σ F × F → k × is a 2-cocycle (necessarily a coboundary; cf. (1.2.5)) with respect to this action. Moreover, if A is not commutative, then the action must be non-trivial. By [BR, Chap. V, Section 6] , for all divisible abelian groups M with trivial -action, there is an isomorphism
where 2 = ⊗ / s ⊗ s s ∈ ; the isomorphism θ maps the class of a factor set τ to the map induced by θ τ s ⊗ t = τ t s − τ s t , s t ∈ . In our situation, 2 /q. Lemma 1.4.3. Assume A is non-trivial and fits into (1.4.1). Then q = 1 mod p .
Proof. By assumption G A
* ∩ Z A * has an element of order p. Then, since A is of Frobenius type [MoW] , as algebras
where n, m, l are non-negative integers, and d = G A * = p or pq. In view of (2.2.2) below, p divides m and l. Hence m = l = 0. Thus, pq 2 = d + np 2 , implying that p/q 2 − 1 or p/− 1 . In particular, p < q. Hence, is the unique (normal) Sylow subgroup of order q 2 of the group F , and also F is a Sylow subgroup of order p. Consider the Kac exact sequence [Ma3, 7.4] 
× are injective. Also, since we are assuming that k is algebraically closed, and since F is cyclic, H 2 F k × = 0. Hence Opext k kF is isomorphic to the cokernel of the restriction map res 2 H 2 F k
× which in turn is isomorphic to the kernel of the transfer map
is a normal Sylow subgroup, the quotient group F / F acts on H 2 k × /q by group automorphisms, and the kernel of T equals the kernel of the associated norm map N H
× is trivial, and thus the norm map is injective, since p and q are relatively prime. Hence in this case, the group Opext k kF is trivial, implying that A is trivial.
Assume from now on that q = 1 mod p . Then /q contains all the roots of the equation X p − 1. Hence, there exist a primitive pth root of unity of 1 modulo q, m, and an integer 0 < λ ≤ p − 1, such that the action afforded by (1.4.1) corresponds to the action by group automorphisms × 
.4). If
Proof. As in (1.4.3), the Kac exact sequence gives an isomorphism Opext k kF L, where L is the kernel of the norm map
Suppose that λ = −1 mod p . Then g f is represented by the factor set
Thus the action is trivial, implying that the norm map is injective, and in turn that the group Opext is trivial. This proves the lemma.
By (1.4.2), we find that the cohomology class of the dual cocycle afforded by (1.4.1) can be represented by a factor set τ × → k F × of the form
for all 0 ≤ i j h l ≤ q − 1, and where u ∈ k F × is such that u q = 1.
Proposition 1.4.7. Let τ be as in (1.4.6) , and kF × k → k be an action by Hopf algebra automorphisms corresponding to (1.4.4) . Then the data k kF ρ triv σ triv τ is compatible iff u is of the form u = p−1 t=0 ζ t δ g t , where ζ = ζ 1 is a primitive qth root of 1, and
Proof. It is straighforward to verify that k τ # kF is a Hopf algebra if u is of the prescribed form. For this, use the relation c t+l n = c t n + c l n n t , for all t l ∈ , n ∈ .
On the other hand, suppose that the data k kF ρ triv σ triv τ are compatible. For 0 ≤ n ≤ p − 1, we have
λ+1 rt δ a s b r #g n ⊗ δ a t b l #g n thus, comparing coefficients, the proposition follows. 
Moreover, the Hopf algebras k τ # kF and k τ # kF are isomorphic.
Proof. The proof is straighforward. A Hopf algebra isomorphism
We will denote the Hopf algebras arising from (1.4.7) by λ m ζ . Its multiplication, comultiplication, and antipode are determined, respectively, by These examples generalize the construction in [Ma2] . Indeed, the construction also goes when λ = 0: in this case we recover the examples in (1.3.11).
Observe that if λ > 0, then G λ /q ⊕ /q, and G * λ /p; while, for λ = 0, G * 0 / pq . See (1.3). Next we show that these are the only non-trivial examples arising from (1.4.1). Lemma 1.4.10. Let A be as in (1.4.1), affording the action (1.4.4) where ζ ∈ k is a qth root of unity. Moreover, ζ = 1, since otherwiseg would be a non-trivial group-like element of A which does not belong to k , implying that A is cocommutative. We also have for all n ∈ . In particular, by (1.4.5), λ = −1 mod p , then m λ+1 is a primitive pth root of 1 modulo q, and hence c p m λ+1 = 0 mod q . Thus, g p is a group-like element of A, which satisfies g g p =gg pg−1 =g p . Now, since λ = 0, the set group-like elements of k invariant under the action of F is trivial. Hence
Call = λ m ζ . Then, as an algebra, is the k -ring generated by x = 1#g with relations x p = 1, xu = g u x, ∀u ∈ k cf. [Ma, Section 2]. Hence, by (i) and (iii), there is a unique map of k -rings f → A, such that x →g. Moreover, by (ii), f is a Hopf algebra map. Also, it is clear that the following diagram is commutative
so that f is an isomorphism.
It remains now to determine the isomorphism classes among the Hopf algebras λ m ζ . Proof. We may write ζ = ζ n , for some 1 ≤ n ≤ q − 1. It is a straightforward computation to show that the map λ m ζ → λ m ζ , δ a i b j #g l → δ a i b tj #g l , is a Hopf algebra isomorphism, where nt = 1 mod q . 
2 , for fixed ζ and m, where 0 < λ j < p − 1 and
Proof. By (1.4.7), if A is a non-trivial Hopf algebra fitting into an extension (1.4.1), then A is isomorphic to λ m ζ , for some 0 < λ < p − 1, ζ ∈ k a primitive qth root of 1, and m a primitive pth root of 1 modulo q. In particular, p > 2.
Also, λ m ζ λ m ζ , for all m , ζ , 0 < λ < p − 1. Indeed, if m = m n , 1 ≤ n ≤ p − 1, we may apply (1.4.8) to the group automorphisms β F → F, β g = g n , and α = id → , and then the claimed isomorphism follows from (1.4.11) and (1.4.10). Hence, it will be enough to find the isomorphism classes among λ = λ m ζ , for fixed m and ζ, where 0 < λ < p − 1.
Since the Hopf algebras λ have a unique Hopf subalgebra of dimension q 2 , k , and a unique Hopf algebra quotient of dimension p, kF, a Hopf algebra isomorphism B λ → λ induces group automorphisms α → and β F → F, such that the following diagram commutes: 
BACKGROUND ON SEMISIMPLE HOPF ALGEBRAS

The Class Equation
In this subsection, H will denote, unless explicitly stated, a semisimple (hence finite dimensional) Hopf algebra over k. Recall from [Z] the class equation for Hopf algebras.
For a left coideal subalgebra K of a finite dimensional Hopf algebra H, the number H K = dim H dim K will be called the index of K in H. It is an integer thanks to [NZ] .
Observe that as a consequence of [NZ] , if E ∈ K is an idempotent, such that KE affords the representation V of K, then HE affords the induced representation, Ind 
Proof.
Recall that R H is a semisimple algebra ( [Z] ) which coincides with the subalgebra of all cocommutative elements in H * . Let ∈ H, e ∈ K, be non-zero left integrals of H and K, respectively, such that = e = 1. Then e ∈ H is an idempotent, and as e is a cocommutative element, e ∈ R H * . Since e = , we may find e 0 = e 1 e n , a complete set of primitive idempotents of R H , such that e = + j∈J e j , for some subset J ⊆ 0 n . Note that * He = k + ⊕ j∈J He j Now, dim He j divides the dimension of H, for all j, and as dim He = H K = r n , it follows from * that dim He j is a power of r ∀j. Thus, for some j ∈ J, we must have dim He j = 1, implying by [Z] that H has a non-trivial central group-like element.
The Character Algebra
Let H be a semisimple Hopf algebra over k. We refer the reader to [NR] for the main properties of the character algebra R H . For χ ψ ∈ R H , m χ ψ and deg χ will denote, respectively, the multiplicity of χ in ψ and the degree of χ. In particular, if V and W are H-modules affording the characters χ and ψ, respectively, we have m χ ψ = dim Hom H V W , and deg χ = dim V . Lemma 2.2.1 [NR] . Let U V W be irreducible H-modules, and let g ∈ G H
* . Then
(ii) m g χ V χ W * = 1 iff gχ V = χ W , and equals zero otherwise.
(iii) Let C be the simple coalgebra of
Observe that G H * acts on the set of irreducible H-characters by left multiplication. It is clear that this action preserves degrees. Let χ χ be irreducible H-characters. We will denote by G χ the stabilizer of χ in G H * . By (2.2.1)(iii), G χ consists of all those g ∈ G H * such that m g χ V χ V * > 0. Also, G χ χ will denote the subset of G H * consisting of those elements g for which gχ = χ . In particular, if χ and χ are conjugated under G H * , say χ = gχ, then G χ and G χ , are conjugated subgroups of G H * , and G χ χ is a coset of G χ , G χ χ = gG χ . Parts (i) and (ii) of the following lemma appear in the work of Masuoka (see [Ma2] ).
Lemma 2.2.2. Let χ be an irreducible H-character. Then
(ii) The order of G H * divides n deg χ 2 , where n is the number of non-isomorphic irreducible characters of H of degree deg χ. 
H be a character afforded by a representation of H. Then the number of characters of degree one in χλ equals
Proof. (i) and (ii) follow from [NZ] .
(iii) Suppose G χ is trivial. By (2.2.1)(ii), we may write χχ * = + t j=1 m χ i j χχ * χ i j . Taking degrees, the claim is immediate.
(iv) Observe first that it is enough to prove the claim for λ irreducible. Now, in this case, the formula follows from (2.2.1)(ii), together with the fact that G λ χ * = G χ * = G χ , if λ ∈ G H * · χ * , and G λ χ * = 0 otherwise (see the remarks above (2.2.2)).
The following theorem was inspired by the proof of [EG2, Lemma 2]. It gives a partial answer to the question of whether a semisimple Hopf algebra of dimension r n s m has proper Hopf subalgebras, where r = s are prime numbers. In the case where r = s, the answer to the question is always affirmative [Ma5] . Proof. Suppose G H * = 1. Then, as H is of Frobenius type, by (2.2.2)(iii), H has irreducible characters χ and ψ such that deg χ = r i and deg ψ = s j , for some 1 ≤ i ≤ n, 1 ≤ j ≤ m. Let us choose t to be minimal with the property that H has an irreducible character of degree s t , and let ψ be an irreducible character of degree s t .
Claim. Let ψ i and ψ = ψ be irreducible characters such that deg ψ = s h , and m ψ i ψ ψ * > 0. Then deg ψ i is not divisible by r.
Proof of the claim. We may write ψ ψ * = j m ψ i j ψ ψ * ψ i j , where ψ i 1 ψ i t are the irreducible characters such that m ψ i j ψ ψ * > 0.
Since G H * = 1 and ψ = ψ, we have 1 < deg ψ i j ≤ s h+t , ∀j. Suppose r/ deg ψ i j , for some j. Taking degrees, we have
with u > 0, where L = j deg ψ i j r = 1 . As t was chosen to be minimum, and deg ψ i l is a power of s for all l ∈ L, we have that l∈L m ψ i l ψ ψ * deg ψ i l = s t a, for some integer a. Hence, s t s h − a = ur, implying that r/s h − a, and thus that r ≤ s h ≤ s b , which contradicts our assumption. Now we proceed to prove the theorem. Write ψψ * = + i m ψ i ψψ * ψ i , where ψ i are irreducible characters, deg ψ i > 1. Taking degrees, s 2t = 1 + i m ψ i ψψ * deg ψ i ; thus, there exists some i for which deg ψ i is prime to s and hence a power of r, say ψ i = χ.
Write χψ = m ψ χψ ψ + j m χ j χψ χ j , where ψ = χ j are irreducible characters; then m ψ χψ > 0. Also, by (2.2.1)(i), s t deg χ > deg χ j > 1. Taking degrees we have To end this subsection, following [CR, Proposition (11.21 )], we make some remarks that will be used later. Suppose K ⊆ H is a Hopf subalgebra. Let V be a representation of K, afforded by the idempotent e ∈ K. Denote by ζ = ζ W ∈ R H , the character afforded by the induced representation W = Ind H K V . If χ = χ U is an irreducible H-character afforded by U, then χ e = dim eU, but also eU Hom H He U = Hom H W U , which gives m χ ζ = χ e (2.2.5)
The Drinfeld Double
In this subsection H will denote a finite dimensional Hopf algebra over k. The main theorem in [EG] states that if H is semisimple and V is an irreducible module over D H , then the dimension of V divides the dimension of H. Other proofs of this fact appear in [TZ, Sch] . We do not require H to be semisimple in what follows.
Identify D H = H * ⊗ H and D H * = H ⊗ H * as vector spaces. For h ∈ H, α ∈ H * , the elements α ⊗ h ∈ D H and h ⊗ α ∈ D H * will be denoted, respectively, by α × h and h × α. Recall that the maps H → D H , h → × h, and H * cop → D H , α → α × 1, are Hopf algebra inclusions. We will identify H and H * cop with their images in D H . We have in particular D H = H * cop H. Notice that under these identifications, the evaluation map
The following theorem will be crucial.
(ii) Every group-like element of D H * is of the form g × η, where
coincides with u H * , and η ∈ G H * coincides with u H .
Corollary 2.3.2. There is an extension of Hopf algebras
where the map ι is defined by ι g × η = η × g. We also have:
by means of the injective Hopf algebra map
In particular g η 2 = 1. We give now an alternative proof of [EG2, GW] .
Proof. The first claim follows from (2.3.1). To show (i), notice that an element η × g ∈ G D H is central in D H if and only if
π η × g = 1. So that if π G H G H → G K is not injective, say π × g = 1, for 1 = g ∈ G H , then × g is
Corollary 2.3.3. Let r > s be prime numbers. If H is a semisimple Hopf algebra of dimension rs over k, then H is commutative or cocommutative.
Proof. By [Ma4] , we may assume that r and s are odd. Now, by (2.3.1), the irreducible representations of D H have either dimension 1, r or s. Thus, by (2.2.3), the group G D H * is non-trivial. The same argument shows that the group G K * is non-trivial, where K is as in (2.3.1). Then G K * contains an element of order r or s. We claim that either H or H * has a non-trivial central group-like element, then the result will follow from (1.3.3). In fact, if this were not the case, by (2.3.2)(i), we may assume that G K * contains an element of the form g × η, where g ∈ G H , η ∈ G H * are of the same order r or s. But then, by (2.3.2), η g = 1. This contradicts (1.1.8)(i), since η = g is relatively prime to H k g . This proves the claim.
Biproducts
Let H be a semisimple Hopf algebra. Let also L i → H l → L be a sequence of Hopf algebra maps, where i is is injective, l is surjective, and li L → L is an isomorphism. In this case, H is isomorphic to the biproduct Hopf algebra R × L, where R = H co l = h ∈ H id ⊗l h = h ⊗ 1 is the coideal subalgebra of l-coinvariants. In particular, id ⊗ H = R × L → R is a coalgebra quotient. See [R1] for the main properties of this construction. Now suppose there exist 1 = g ∈ G H , = η ∈ G H * , such that g 2 = 1, η 2 = , and η g = −1. Call F = 1 g / 2 , and identify F 1 η . Then we are in the previous situation with L = kF, and where the maps i and l are, respectively, the inclusion kF → H and the transpose of the inclusion k F k 1 η → H * . So H R × kF is a biproduct Hopf algebra, where R is as above. As R ⊆ H is a coideal subalgebra, it is in particular a left H-comodule with the regular coaction. Hence, as H is cosemisimple, R decomposes as a direct sum of irreducible left coideals of H.
Let C ⊆ H be the simple subcoalgebra of H containing V . Then since χ V g = χ V we find that Vg (which is also an irreducible left coideal of H) is contained in C so that the multiplication map V ⊗ kF → C is an isomorphism. Thus, V = id ⊗ V ⊗ kF is a subcoalgebra of R as claimed.
SEMISIMPLE HOPF ALGEBRAS OF DIMENSION pq
2
In this section p and q will be distinct prime numbers and A will denote a semisimple Hopf algebra over k of dimension pq 2 . Throughout, G will denote the group of one-dimensional representations of D A , G = G D A * . It follows from (2.3.1) that there is an algebra isomorphism
where n = G and a b c d are non-negative integers. In particular, we have an equation
Also, as in (2.3.2), there is an extension of Hopf algebras
where K is a semisimple quasitriangular Hopf algebra of dimension dim K = D A G , and the dimensions of the irreducible K-modules are either 1, p, q, pq or q 2 .
Remark 3.3.
(1) Let F be a finite group of order pq 2 . Then F has a normal Sylow subgroup, S, of order p or q 2 . In particular, the quotient group F/S is abelian. This implies that k F = kF * , being commutative, has a non-trivial central group like-element.
(2) The non-trivial (self-dual) semisimple Hopf algebras of dimension pq 2 , p = 1 mod q , in [G] have central group-like elements of order q. In view of [F] these exhaust the non-trivial cases in dimension 12; so in particular, if A is a semisimple Hopf algebra of dimension 12, either A or A * has a non-trivial central group-like element.
(3) If A is any of the non-trivial semisimple Hopf algebras of dimension 2q 2 in [Ma2] , then A * has a central group-like element of order 2. By [Ma2] A and A * are the only non-trivial cases in dimension 18, so if A is a semisimple Hopf algebra of dimension 18, then either A or A * has a non-trivial central group-like element.
(4) It follows from [MoW] and the classification of Hopf algebras of dimension p, pq and q 2 that if A is a semisimple Hopf algebra of dimension pq 2 over k such that A is not simple as a Hopf algebra, then A and A * are both of Frobenius type. Proof. The first claim is clear from (2.3.1). Suppose neither A nor A * has a non-trivial central group-like element, in particular, A is non-trivial. Let 1 = g × η ∈ G. Then g = 1, since otherwise η ∈ G A * would be a non-trivial central group-like element, and similarly η = 1. By (2.3.1), η × g belongs to the center of G D A = G A * × G A . So that the groups G A * and G A both have non-trivial centers. Since the center of a group cannot have a prime index, it follows that both G A * and G A are non-trivial and abelian.
Proof. The proof follows from (2.2.3), since the dimensions of the irreducible K-modules are either 1, p, q, pq or q 2 .
Lemma 3.6. If neither A nor A * has a non-trivial central group-like element, then G A and
Proof. Let K be as in (3.2). By (2.3.2)(i), both the restrictions
Then the claim follows from [NZ] , since dim K = D A G . Proof. We may write H = k and H = kF for some abelian groups and F. Also, we may suppose by a dualizing argument that either = p and F = q 2 , or else = pq and F = q. Consider first the case = p, F = q 2 . In this case, F must have a (unique) normal Sylow subgroup of order p or q 2 . Hence, either or must be trivial, and the claim follows. It remains to consider the case = pq, F = q.
Claim. Suppose
= pq, F = q. Then A is trivial.
Proof of the claim. Assume neither nor is trivial, otherwise we are done. In particular, p < q; otherwise ⊆ F would be a subgroup of index q, where q is the less prime number dividing the order of F , and hence normal. So F contains a unique (normal) Sylow subgroup S of order q 2 . Write = a b a p = b q = aba −1 b −1 = 1 . We have F ⊆ S and b ∈ S. In particular, as S is abelian, F commutes with b . Thus, for all x ∈ F, and for all j = 0 q − 1,
i.e., b j x = x, and b j x = b j . By (1.1.7) we obtain an exact sequence of groups
where F F denotes the group of one-dimensional representations of F, such that the image of t i is contained in F = s ∈ s x = s ∀x ∈ F . Now, by [MoW] A is of Frobenius type. Also, it is clear from the assumption that there are group-like elements of order q, η ∈ G A * and g ∈ G A , such that η g = 1. Hence, applying (3.10.10) below, we find that the order of G A * is not q. Since the possibility G A * = q 2 would imply, by (2.1.1), that A has a non-trivial central group-like element, we have that G A * is of order pq. As F is of order q, a subgroup of order p of G A * is mapped isomorphically into . Then F contains the unique subgroup of order p of , a . This implies that a i x = a i , ∀x ∈ F, 0 ≤ i ≤ p − 1. Now, by [Ma3, (4.10) ],
Thus the action is trivial, and the proof of the claim is complete.
Lemma 3.9. Suppose q p > 2, and p < q or q 2 < p. If G contains a subgroup M of order p, then either A or A * has a non-trivial central grouplike element.
Proof. By (2.3.1), we may assume that there exist g ∈ G A and η ∈ G A * of order p, such that M = g × η . We may also assume that M is the p-primary component of G, otherwise the result follows from (3.7).
Consider the Hopf algebra extension in (3.2). By (3.5), the group G K * is non-trivial. We first claim that G K * is prime to p. Suppose on the contrary that G K * has a subgroup of order p, which necessarily coincides with M. This implies, by (2.3.2)(ii), that η g 2 = 1, but η g ∈ k is a pth root of unity, and as p is odd, then η g = 1. But then, g i η = η g i = 1, for all i = 0 p. This contradicts (1.1.8)(i), since η = p is relatively prime to A k g . Thus our claim follows.
In particular, G K * and hence G must contain a subgroup N of order q. We can again assume N = g × η , where g ∈ G A and η ∈ G A * have order q. Then, we have a Hopf algebra quotient A J → k η , J a x = x a , ∀x ∈ k η . Applying (2.3.2)(ii), we find that η g = 1. And also η g = 1, since the orders of g and η are relatively prime. Hence, by a dimension argument, A co J = k g g is a Hopf subalgebra. This implies that A is an extension 1 → k g g → A → k η → 1, and the claim follows from (3.8), since by (3.5) and (3.4), k g g is commutative.
3.10. Case p < q. Assume that q > p, and A is a Hopf algebra of dimension pq 2 over k. In this subsection, we prove the following. 
The proof of the Theorem consists of several steps. Part (a) is (3.10.11). Parts (b), (c), and (d) are proved in (3.10.8), (3.10.12), and (3.10.5), respectively. Part (e) follows from (3.10.2) and (3.10.7). Observe that putting together part (a) with [MoW] , we obtain that if A is not simple, then either A or A * has a non-trivial central group-like element. Proof. By (3.4), we may assume both G A and G A * are non-trivial, abelian, and their orders are divisible by q. We may also assume, by (3.10.2), that q is the greatest power of q that divides G A and G A * . Denote by G A q , G A * q , the q-primary components in G A and G A * , respectively. Then G A q and G A * q both have order q. Thus, we must have g × η ∈ G, ∀g ∈ G A q , η ∈ G A * q . In particular, for all g ∈ G A of order q, g × 1 ∈ G, implying that g is a non-trivial central group-like element in A. Proof. By (3.5), (3.4), and (3.10.2), we have 1 < G A G A * ≤ pq. Using (3.10.3), we find that the order of G divides p 2 q. By (3.7), the order of G is not divisible by p 2 ; hence it must be either p, q or pq. On the other hand, if p is odd, by (3.9), the order of G is not divisible by p. Thus in this case necessarily G = q. Proof. If not, by (3.10.4) the order of G is q. Specializing in (3.10), we obtain
implying that a = 0; i.e., D A has an irreducible character χ of degree p. By (2.2.2)(i), G χ = 1. But this contradicts (2.2.2)(iii), since in this case gcd deg Proof. Let g ∈ G A of order p. Assume neither A nor A * has a nontrivial central group-like element. By (2.3.2)(ii), there exist g ∈ G A and η ∈ G A * of order q, such that η g = 1 (because q is necessarily odd). But then, as in the proof of (3.9), there is an extension of Hopf algebras 1 → k g g → A → k η → 1, and the claim follows from (3.8) and (3.4).
Using (3.10.4), we get Proof. Suppose neither A nor A * has a non-trivial central group-like element. Hopf algebras of dimension 18 are classified in [Ma2] , and the claim holds true for these Hopf algebras; so we can assume q > 4. We first claim that in this case, we may assume that G is not divisible by q. Indeed, by (3.10.6) and (3.10.4), if this were the case, then G would be equal to q. Now, in this case the claim follows by the same argument (3.10.5), since q > 4.
Hence, by (3.10.4), we get that the order of G is 2. Consider the Hopf algebra extension in (3.2). By (3.5), G K * also has order 2. Hence, as algebras
for some nonnegative integers n m l s In particular, n = 0 and K has irreducible characters of degree 2. Also, since q > 4 no irreducible character of degree greater than 2 can have positive multiplicity in the product of two irreducible characters of degree less than or equal to 2. This implies that the linear span of irreducible characters of degree less than or equal to 2 forms a standard subring of R K By [NR, Theorem 6] , there is a Hopf algebra quotient K f −→ Q such that Q has two characters of degree one and n irreducible characters of degree 2. In particular, the dimension of Q is 2 2n + 1 = 2q j for some 1 ≤ j ≤ 4 On the other hand, by Lemma (2.3.2)(i), G K also has a subgroup N of order 2. Since dim K co f = q j N must map injectively into G Q Consider the sequence of Hopf algebra maps 
where V i are 2-dimensional irreducible left coideals of Q Moreover, it follows from (2.2.2) that gV i V i V i g for all g ∈ G Q * By (2.4.1), it follows that V i is a subcoalgebra of R ∀i and thus R is cocommutative. By [S2] , since 2 does not divide q j = dim R we find that R is a Hopf subalgebra of Q * Now by [Ma5] , R contains a (central) group-like element of order q. We thus find a contradiction in view of the inclusions G R ⊆ G Q * ⊆ G K * This finishes the proof of the theorem.
The proof of the following lemma was pointed out to the author by N. Andruskiewitsch.
Lemma 3.10.9. Suppose χ ∈ R A is an irreducible character of degree p.
Proof. Write χ g = p−1 j=0 ξ i j , where ξ i j are the eigenvalues of g in the representation corresponding to χ. In particular, ξ i j are qth roots of unity for all j. Choose a primitive qth root of unity ξ ∈ k, so that
As the cyclotomic polynomial is irreducible for ξ over , we find that there is a non-zero integer n such that n i = n, ∀i = 0 q − 1. Thus,
This is an absurdity that concludes the proof of the lemma. Proof. As A is of Frobenius type, and G A * is of order q, A is isomorphic as an algebra to a direct product of full matrix algebras
for some integers n m > 0. Let χ be an irreducible A-character of degree deg χ = p. Then by (2.2.2), we have that G χ is trivial, and hence that there exists an irreducible character ψ of degree deg ψ = q, such that m ψ χχ * > 0. A counting argument gives that ψχ = χ + χ i 1 + · · · + χ i q−1 , for some irreducible characters χ i j of degree p. And one can see that χ i j ∈ G A * · χ, ∀j = 1 q − 1. Then the number d of characters of degree one in ψχ χ * equals q. By (2.2.2)(iv),
which is a contradiction, since q > p. Hence G ψ = q, i.e., η j ψ = ψ, ∀j = 0 q − 1. In particular
i , and by (3.10.9), ψ g i = q, ∀i, 0 ≤ i ≤ q − 1. Let now e ∈ k g be the normalized integral: e = 1−1 i=0 g i , and let ζ ∈ R A be the character afforded by the induced representation Ind A k g k g e. Then deg ζ = A g = pq, and by (2.2.5), m ψ ζ = ψ e = q. This is a contradiction since pq < q 2 . So the result follows. Proof. Suppose not. By (3.10.8), p must be odd. Also, by (3.5), (3.4), (3.10.2), and (3.10.7), G A = G A * = q. Moreover, by (3.5) and (2.3.2)(ii), writting G A = g , and G A * = η , we have η g = 1. This contradicts (3.10.10), so the theorem follows. Then, by (3.12.3), K k , where is a group of order pq. Hence part (i) follows from (1.3.7) and (1.3.9)(ii), since the Hopf algebras A l are all selfdual.
Suppose now p < q. If dim H = q, then K, being commutative by (3.12.4), cannot be cocommutative, since this would imply K k / pq , and hence A * commutative; cf. (1.3.3)(1). In particular, we get that q = 1 mod p in this case.
On the other hand, by (3.12.4), K k /q i /p , and part (ii) follows from (1.3.11).
Suppose now dim H = p. By (3.12.2), K k /q⊕ /q . Also, we may assume that A contains no non-trivial central group-like element, otherwise, after dualizing, we reduce to the situation in the preceeding paragraph. So in particular p > 2. By Section 3, q = 1 mod p and A is isomorphic to either of the Hopf algebras * λ as claimed.
ABELIAN EXTENSIONS IN DIMENSION pqr
In this section we assume that r < q < p are prime numbers. We determine the isomorphism classes of Hopf algebras A of dimension pqr over k that fit into an abelian extension (1.2.1). For this, we prove that the nontrivial examples arise from extensions of the form (1.3), and then we use the results there.
We assume from now on that dim A = pqr and A fits into an abelian extension (1.2.1). We will use the following lemma. Its proof follows from [Bu, Section 128] .
Lemma 4.1. Let G be a group of order pqr. Then G has a unique (normal) subgroup P of order p and a unique (normal) subgroup H of order pq. Also, P ⊆ H and P H.
Lemma 4.2. Either of the afforded actions
Proof. Suppose on the contrary that and are both non-trivial. Denote by G = F the group associated to these actions as in (1.2.4). By assumption, neither nor F are normal subgroups in G. Hence, by (4.1), = p and F = p, which in turn implies that also = rq and F = rq. Similarly, by (4.1), = pq and F = pq, from where, also, = r and F = r. Hence, eventually dualizing (1.2.1), we may assume that = pr and F = q.
Let P and H be as in (4.1). Then, as P is the only subgroup of G of order p, P ⊆ . Also, P F = H, is the only subgroup of G of order pq. If F were normal in H, then it would be the only subgroup of H of order q; and as H is normal in G, this would imply that F is normal in G, against our assumption. Thus, p = 1 mod q , and H = P i F. Let H = b a b p = a q = 1 aba −1 = b t be a presentation of H by generators and relations, where t is a primitive qth root of 1 modulo p. So that P = b is normal in G.
On the other hand, the quotient group G/H is of order r. This implies by the Schur-Zassenhaus lemma that G is a semidirect product H i R, where R = 1 g r−1 is the cyclic group of order r, associated to some action by group automorphisms R → Aut H . Now, by (1.3.4), Aut H is a group of order p p − 1 . So r must divide p − 1, and the action of R on H is given (up to isomorphisms) by g · b = b m , g · a = a, for some primitive pth root of 1 modulo p. In conclusion, we get that
is a presentation of G in terms of generators and relations. From this it is clear that G contains a normal subgroup S of order pr, S = b g . We claim that S and are conjugate in G, from where the normality of follows at once, contradicting our assumption and finishing the proof of the lemma. To prove the claim, consider the natural action of S on the space of left cosets X = G/ , s · x = sx , for all s ∈ S, x ∈ G. Since the cardinality of X is G = q, this action corresponds to a group morphism S → q . But, by assumption, q < p; hence the subgroup P of S acts trivially on X, and then the action factorizes through S/P R. Applying the class equation to this R action, we get that # X S/P = 0. Hence, there exists x ∈ G such that sx = x , ∀s ∈ S, or x −1 Sx ⊆ , as claimed.
Remark 4.3. If A fits into an extension (1.2.1), where = p 1 p 2 , F = p 3 , p 1 p 2 p 3 = p q r , and the action × F → is trivial, then by (1.3.3)(1), A is commutative. Hence, if A is non-trivial, and after dualizing if necessary, we may assume that A fits into an extension 1 → k → A → kF → 0 4 4 where = p 1 p 2 , F = p 3 , p 1 p 2 p 3 = p q r . (ii) The order of is pq and the order of F is r.
Proof. We first claim that F = p, i.e., that (i) or (ii) hold. For this, suppose on the contrary that F = p. Then the afforded action by group automorphisms × F → is necessarily trivial, by the assumption r < q < p.
